Zernike circle polynomials, their numbering scheme, and relationship to balanced optical aberrations of systems with circular pupils are discussed.
Introduction
Zernike polynomials were introduced by Zernike for his phase contrast method for testing the figure of circular mirrors figures.' They were used by Nijboer 2 ' 3 to balance the classical aberrations of a power-series expansion of the aberration function of an optical imaging system and to study the effects of small aberrations on the diffraction images formed by rotationally symmetric systems with circular pupils. Noll used them to describe the aberrations introduced by Kolmogorov atmospheric turbulence. 4 Today, they are in widespread use in optical design as well as in optical testing. However, there appears to be no standard for their form or their ordering, i.e., numbering. 5 -7 In this first of several notes, we outline the characteristics of Zernike circle polynomials and reemphasize the use of their orthonormal form and ordering first suggested by Noll. The use of orthonormal polynomials in the expansion of an aberration function has the advantage that the coefficients of the expansion terms represent their standard deviations. The ordering scheme discussed lends itself to easy calculation of the number of terms through a certain order in the expansion for general as well as rotationally symmetric optical systems. In future Notes we will discuss Zernike annular polynomials 8 appropriate for systems with annular pupils as well as Zernike-Gauss polynomials, 8 9 
The index n represents the radial degree or the order of the polynomial since it represents the highest power of p in the polynomial, and m may be called the azimuthal frequency.
The orthogonalities of the radial polynomials and the angular functions are:
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where cnm and nm are the expansion or the aberration coefficients, n and m are positive integers including zero, n -m 0 and even, ij is a Kronecker delta, and Table 1 for n c 8. The number of aberration terms in the expansion of the aberration function through a certain order n is given by N., = (n + )(n + 2)/2.
Note that piston term with n = m = 0 does not constitute an aberration, although it is counted as such in Eq. 7. For example, the number of aberrations through the fourth or-
We note that each Zernike or orthogonal aberration is made up of one or more classical aberrations. The classical aberration of the highest degree in pupil coordinates is optimally balanced with those of equal and lower degrees such that its variance across the pupil is minimized. Accordingly, a Zernike polynomial aberration may also be referred to as a balanced aberration. For example, the Zernike primary (8) where the index j is a polynomial-ordering number, which is a function of both n and in, a is the expansion or aberration coefficient, and
The relationships among the indices j, n, and m are given in The orthonormality of Zernike polynomials implies that:
The expansion coefficients aj are given by
Aberration Variance
An advantage of the orthogonal-polynomial expansion of the aberration function in the form of Eq. 1 is that each aberration coefficient c,, 1 ,, or s,,,, represents the standard deviation of the corresponding aberration term across the pupil, and, therefore, it is very easy to determine the standard deviation of the aberration function once the expansion coefficients are known. We note that the mean and mean square values of the aberration function are given by: (12) (since O'7 cosmOdO = 27T'mo), and
as may be seen by substituting Eq. (1) and using the orthogonality Eqs. (4) and (5). Hence, the variance of the aberration function is given by:
where crw is its standard deviation. The root mean square (rms) value of the aberration function is given by (W2(p, 0) )1/2. This is not equal to its standard deviation or unless its mean value coo = 0. Since the mean value of an aberration term (except the piston) is zero, its rms value is (p, 0) . The indices j, n, and m are defined as the polynomial number, radial degree, and azimuthal frequency, respectively. The polynomials Zj are ordered such that even j corresponds to a symmetric polynomial defined by cosm0, while odd j corresponds to an antisymmetric polynomial given by sinm0. For a given n, a polynomial with a lower value of m is ordered first. x = p cos0, y = p sin0, 0 p c 1, 0 c 0 < 27r. Considering the expansion of the aberration function given by Eq. (8), we find that
and (W2(p, 0)) = E aJ.
(15b)
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Thus, except for a,, the expansion coefficients aj's represent the standard deviation of the corresponding jth term. The variance of the aberration function is given by
Rotationally Symmetric Systems
The aberration function of an optical imaging system that is rotationally symmetric about its optical axis (i.e., the line joining the vertices of its surfaces) must be symmetric about the tangential plane (which contains the optical axis and the point object for which the aberration function is being considered). Hence, if the angle 0 is measured from the tangential plane; for example, if the x axis lies in the tangential plane, then sin mO terms of Eqs. 1 and 8 must be zero; i.e., the aberration coefficients snm must be zero. Thus, in the design of rotationally symmetric optical systems, only cosm0 terms need to be considered. In that case, the number of aberration terms through a certain order n is given by N., = (n + 2)(n + 4)/8.
The number of aberration terms through the fourth order is now equal to 6. They consist of piston and the terms that correspond to the five Seidel or primary classical aberrations.
Discussion
In the fabrication and testing of rotationally symmetric optical elements, the fabrication errors will generally consist of both the cos m 0 and sin m 0 terms, even though the design -I---r ---or -r --
> or ------
aberrations of a rotationally symmetric system will consist of only the former. Similarly, aberrations introduced by thermal distortion of optical elements may consist of both types of terms. The ordering of Zernike polynomials as in Table  1 does not imply that the aberration coefficients decrease as n increases. It is quite possible, for example, that all is larger than a 9 or a 1 o. The random aberrations introduced by Kolmogorov atmospheric turbulence, on the other hand, are such that the time-averaged mean square value of the aberration coefficients decreases as n increases and, for a given value of n, it is independent of the corresponding values of M.4
